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CONGENIAL ALGEBRAS: EXTENSIONS AND EXAMPLES
JASON GADDIS AND DANIEL YEE
Abstract. We study the congeniality property of algebras, as defined by Bao,
He, and Zhang, in order to establish a version of Auslander’s theorem for
various families of filtered algebras. It is shown that the property is preserved
under homomorphic images and tensor products under some mild conditions.
Examples of congenial algebras in this paper include enveloping algebras of Lie
superalgebras, iterated differential operator rings, quantized Weyl algebras,
down-up algebras, and symplectic reflection algebras.
An important result of Auslander [4] shows that if V is a finite-dimensional vector
space over an algebraically closed field k of characteristic zero, and G is a finite
group of automorphisms acting linearly on k[V ] with no nontrivial reflections (i.e.,
G is a small group), then there is an isomorphism of graded algebras k[V ]#G →
Endk[V ]G k[V ]. There has been much work done in extending this result to the
noncommutative setting, either by replacing k[V ] by a suitable noncommutative
algebra, replacing G with a Hopf algebra H , or both.
Recent work of Bao, He, and Zhang introduces the pertinency invariant as a way
to test whether an algebraA and a Hopf algebraH acting onA satisfy the conclusion
of Auslander’s Theorem [5, 6]. The general theme of their results is that, for a
suitable pair, this holds if and only if the pertinency is at least two. In [5] it is shown
that a class of filtered algebras known as congenial algebras, along with certain
groups of filtered automorphisms, are sufficiently suitable. Furthermore, they prove
that the enveloping algebra of a finite-dimensional Lie algebra is congenial. The
authors state that there are ‘ample examples of congenial algebras’ and part of our
goal is to better understand what algebras satisfy this condition. We prove the
following theorem via various results in this paper.
Main Theorem. The following algebras are congenial with respect to some filtra-
tion.
1. Certain images of congenial algebras under filtration-preserving homomorphisms
(Theorem 3).
2. Certain tensor products of congenial algebras (Theorem 6).
3. The enveloping algebra of a finite-dimensional Lie superalgebra (Theorem 9).
4. An iterated Ore extension of derivation type over k (Theorem 12).
5. A quantized Weyl algebra (Theorem 14).
6. A noetherian down-up algebra A(α, β, γ) assuming the roots of x2 − αx− β = 0
are roots of unity of order at least two (Theorem 18).
7. A symplectic reflection algebra (Theorem 20).
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A common theme to our examples is that, while these algebras are most com-
monly defined over a field, the definition works over a suitable commutative ring.
Hence, we are able in these cases to define an order of the algebra [5], and use
reduction mod p techniques.
In addition, we establish when possible families of groups acting on classes of
algebras above for which the conclusion of Auslander’s Theorem holds. Notably,
we prove that A#G ∼= EndAG A for any filtered Artin-Schelter regular algebra of
global dimension 2 and G a finite group of filtered automorphisms acting with
trivial homological determinant (Theorem 16).
Background. Given an algebra A and a group G acting as automorphisms on
A, the skew group algebra A#G is defined to be the k-vector space A ⊗ kG with
multiplication,
(a#g)(b#h) = ag(b)#gh for all a, b ∈ A, g, h ∈ G.
For a filtered algebra A and a finite group G acting as filtered automorphisms on
A, the Auslander map is given by
γA,G : A#G→ EndAG(A)
a#g 7→
(
A → A
b 7→ ag(b)
)
.
Suppose A = k[x1, . . . , xp] and G is a finite group that acts linearly on A without
reflections, then a theorem of Auslander asserts that γA,G is an isomorphism [4].
Let A be an affine algebra and G a finite group acting on A. The pertinency of
the G-action on A is defined to be
p(A,G) = GKdimA−GKdim(A#G)/(fG)
where (fG) is the two sided ideal of A#G generated by fG =
∑
g∈G 1#g and GKdim
is the Gelfand-Kirillov (GK) dimension. It is possible to define pertinency in terms
of any dimension function on right A-modules, such as Krull dimension (Kdim),
but GK dimension is sufficient for our purpose. It is also possible to define all of
the above in terms of actions by semisimple Hopf algebras, however our focus will
be on group actions.
An algebra A is said to be Cohen-Macaulay (CM) if GKdim(A) = d ∈ N and
j(M)+GKdim(M) = GKdim(A) for every finitely generated right A-module M 6=
0. Here j(M) = min{i : ExtiA(M,A) 6= 0}, or ∞ if no such i exists, denotes
the grade of the module M . If one replaces GKdim with Kdim, then we say A is
Kdim-CM.
Under suitable conditions, the Auslander map is an isomorphism (for a particular
pair (A,G)) if and only if p(A,G) ≥ 2. In particular, by various results in [5, 6],
this applies when
(1) A is noetherian, connected graded AS regular, and CM of GK dimension
at least two, and G acts linearly;
(2) A is a noetherian PI Kdim-CM algebra with Kdim(A) ≥ 2;
(3) A is congenial and G preserves the filtration on A.
Recall that k is an algebraically closed field of characteristic zero. Let k0 = Z or
Fp := Z/(p), p ∈ k prime. Also recall that an R-algebra A is strongly noetherian if
A⊗R C is noetherian for any commutative noetherian R-algebra C and universally
noetherian if we can drop the commutative hypothesis on C.
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Definition 1. Let A be an algebra over k and let D be a k0-affine subalgebra of
k. A D-subalgebra AD of A is called an order of A if AD is free over D and
AD ⊗D k = A.
Definition 2. A k-algebra A is called congenial if the following hold.
(1) A is a locally finite filtered algebra with an N-filtration F .
(2) A has an order AD where D is a k0-affine subalgebra of k such that AD is a
locally finite filtered algebra over D with the induced filtration, still denoted
by F .
(3) The associated graded ring grF AD is an order of grF A.
(4) grFAD is a strongly noetherian locally finite graded algebra over D.
(5) If F is a factor ring of D and is a finite field, then AD ⊗D F is an affine
noetherian PI algebra over F .
The original definition of congeniality requires AD to be noetherian but this is
implied by (4). As the referee observed, the original noetherian assumption in (1)
is also unnecessary by (3) and (4). As stated in [5], one can always replace D in
Definition 2 with a D-affine subalgebra D′ ⊂ k. We use this fact freely throughout
without comment.
It is important to note that the definition of congenial is relative to some filtration
on the algebraA and the results of [5] only apply to groups acting on A that preserve
the filtration. Hence, when we state that an algebra is congenial, we either define
explicitly a filtration or assume that it is clear from the context. For example, the
filtration that we use on Lie superalgebras is the standard PBW filtration.
Congenial extensions. We consider how the congeniality property behaves under
both homomorphisms and tensor products.
Theorem 3. Let ψ : A → B be a surjective k-algebra homomorphism of filtered
algebras that preserves the filtration on the congenial algebra A with order AD. If
BD = ψ(AD) and gr(B)D are free as D-modules, then B is congenial
Proof. (1) It is clear that B is a locally finite filtered algebra.
(2) Since B ∼= A/ kerψ, then we may regard B (and BD) as a D-module. Note
BD is free by hypothesis. Naturally there is a surjective D-algebra homomorphism
ψD : AD → BD induced by ψ. Thus BD⊗D k = ψD(AD)⊗D k = ψ(A) = B, hence
BD is an order of B.
(3) The map ψ naturally induces a surjective k-algebra homomorphism grψ :
grA→ grB. A similar argument to (2) shows that grBD is an order of grB.
(4) For any commutative noetherian D-algebra C, grAD ⊗D C is noetherian.
Applying the map grψ ⊗ idC implies that grBD ⊗D C is also noetherian.
(5) Let F be a factor ring of D and finite field. Applying the F -algebra homo-
morphism ψD⊗ idF : AD⊗D F → BD⊗D F shows that BD⊗D F affine noetherian
PI over F , since AD ⊗D F is affine noetherian PI. 
The hypothesis that BD and gr(B)D be free is satisfied automatically in cer-
tain cases, such as when D is a PID. For example, the first Weyl algebra A1(k)
is the homomorphic image of the enveloping algebra U(h) where h is the Heisen-
berg Lie algebra. In this case, we may take D = Z. Both (A1(k))Z = A1(Z)
and gr(Aq1(k))Z = gr(A1(Z)) = Z[x, y] (under the standard filtration) are free Z-
modules. Hence, A1(k) is congenial. We generalize this in Corollary 5 but first we
consider a short result on tensor products.
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Corollary 4. Suppose A1 and A2 are k-algebras such that A1 ⊗k A2 is congenial
with corresponding k0-affine subalgebra D If (A1)D (resp. (A2)D) and gr(A1)D
(resp. gr(A2)D) are free as a D-module, then A1 (resp. A2) is congenial.
Proof. This follows from Theorem 3 with the maps a1⊗a2 7→ a1⊗ 1 and a1⊗a2 7→
1⊗ a2. 
Corollary 5. If A be an affine, connected filtered algebra generated by A1 such that
grA is a polynomial algebra, then A is congenial. Moreover, if G is a finite small
subgroup of linear automorphisms on A, then p(A,G) ≥ 2 and so A#G ∼= EndAG A.
Proof. Let A1 = {a1, . . . , an}. Then for each i 6= j, [ai, aj ] = cij0 +
∑n
k=1 cijkak.
Define D as the algebra over Z generated by the nonzero cijk and let AD be A but
with coefficients restricted to D. It is clear that AD is free over D with basis the
set of standard monomials.
Under the given hypotheses, A is almost commutative [22], and hence it is the
homomorphic image of an enveloping algebra U(g) for some finite-dimensional Lie
algebra g [22, Proposition 4.3]. The enveloping algebra U(g) is congenial by [5,
Lemma 4.11] and we can choose D as the corresponding k0-affine subalgebra of k.
Thus, A is congenial by Theorem 3.
As grA is a polynomial algebra, A is CM and so we may apply [5, Theorem
4.10]. 
Next we prove a partial converse to Corollary 4.
Theorem 6. If A1, A2 are congenial k-algebras and if gr(A1)D1 is universally
noetherian, then A1 ⊗k A2 is congenial.
Proof. (1) Let F1 and F2 be the respective filtrations of A1 and A2. Define a
filtration F on A = A1 ⊗k A2 by declaring that Fn(A) is generated (as a vector
space) by those tensors a1 ⊗ a2 such that a1 ∈ Fr, a2 ∈ Fs, and r + s ≤ n. It is
clear that F is locally finite since F1 and F2 are.
(2) Let D = 〈D1 ∪D2〉. As D1 and D2 are both k0-affine then so is D. Since
D is finitely generated over both D1 and D2, then the algebras A1 and A2 over D,
denoted (A1)D and (A2)D, are orders of A1 and A2, respectively, and both A1 and
A2 are congenial with respect to D and the induced filtration. Moreover,
(A1 ⊗k A2)D = (A1 ⊗D A2)D = (A1)D ⊗D (A2)D.
It follows that (A1 ⊗k A2)D ⊗D k = A1 ⊗k A2 and so (A1 ⊗k A2)D is an order for
A1 ⊗k A2.
(3) It is clear from the filtration that grF (A1 ⊗k A2) = grF1 A1 ⊗k grF2 A2 and
grF (A1 ⊗k A2)D = grF1(A1)D ⊗D grF2(A2)D.(⋆)
The argument in (2) shows that grF(A1 ⊗A2)D is an order of grF(A1 ⊗A2).
(4) Let C be a commutative noetherianD-algebra. Then grF2(A2)D⊗DC is noe-
therian because grF2(A2)D is assumed to be strongly noetherian. Hence, because
grF1(A1)D1 is universally noetherian and so is grF1(A1)D, then by (⋆),
grF (A1 ⊗k A2)D ⊗D C = grF1(A1)D ⊗D (grF2(A2)D ⊗D C)
is noetherian. Thus, grF(A1 ⊗A2)D is strongly noetherian.
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(5) Let F be a finite field and a factor ring of D. It is obvious that the tensor
product of two affine algebras is affine. Consider the map
(A1 ⊗k A2)D ⊗D F
∼
−→ [(A1)D ⊗D F ]⊗D [(A2)D ⊗D F ]
a1 ⊗ a2 ⊗ t 7→ (a1 ⊗ 1)⊗ (a2 ⊗ t).
It is clear that this map is an injective D-algebra homomorphism. Since both
(A1)D ⊗D F and (A2)D ⊗D F are PI over F , then [(A1)D ⊗D F ]⊗D [(A2)D ⊗D F ]
is PI, and thus (A1 ⊗A2)⊗D F is PI over F . As A1 is universally noetherian and
(A2)D⊗D F is noetherian by hypothesis, then (A1⊗kA2)⊗D F = A1⊗k (A2⊗DF )
is noetherian. 
Corollary 7. Let A1, A2 be congenial algebras satisfying the conditions of Theorem
6. Suppose G is a finite subgroup of automorphisms respecting the filtration on
A1 such that p(A1, G) ≥ 2. Then we may identify G within Aut(A1 ⊗ A2) and
p(A1 ⊗A2, G) ≥ 2. Thus, the Auslander map is an isomorphism for (A1 ⊗A2, G).
Proof. This follows from Theorem 6, [14, Theorem 3.12], and [5, Theorem 4.10]. 
We now consider various families of algebras with (nice) associated graded rings
for which we can prove the congeniality property and a version of Auslander’s
theorem.
Enveloping algebras of Lie superalgebras. A Lie superalgebra is a Z2-graded
k-vector space L = L0 ⊕ L1 with a bilinear (super)bracket [, ] satisfying
(1) [Lα, Lβ] ⊂ Lα+β (index taken modulo 2),
(2) [x, y] = (−1)|x||y|[y, x] (super skew-symmetry), and
(3) (−1)|x||z|[x, [y, z]]+(−1)|y||x|[y, [z, x]]+(−1)|z||y|[z, [x, y]] = 0 (super Jacobi
identity),
where x, y, z are homogeneous in Z2-degree and |x| represents the degree of x. The
universal enveloping algebra of L is the quotient of the tensor algebra T (L) by the
ideal of relations generated by x⊗ y − (−1)|x||y|y ⊗ x− [x, y] for all x, y ∈ L.
Lemma 8. If U(L) is the enveloping algebra of a finite-dimensional Lie superal-
gebra L over a field F of characteristic p > 0, then U(L) is PI.
Proof. Since L0 is an (ordinary) Lie algebra, then U(L0) is module-finite over its
center [17, Lemma VI.5]. By [8, Proposition 2], U(L) is module-finite over U(L0)
and so the result follows. 
Theorem 9. The enveloping algebra of a finite-dimensional Lie superalgebra L is
congenial.
Proof. (1) Set A = U(L). It follows from the PBW filtration that A is a locally
finite filtered algebra.
(2) Let {x1, ..., xn} be a basis for L. Write [xi, xj ] =
∑n
p=1 αp(i, j)xp where each
αp(i, j) ∈ k. Let D be the subring of k generated by the set {αp(i, j) : i, j, p ≤ n}.
Define LD to be the Lie superalgebra over D with LD ⊗D k = L and
AD := U(LD) = D〈x1, ..., xn〉/(xixj − (−1)
|xi||xj|xjxi −
n∑
p=1
αp(i, j)xp).
It follows that AD⊗D k = A. Let F be the PBW filtration on A. Then F descends
to a filtration on AD, whence AD is a locally finite filtered algebra over D.
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(3) Furthermore, we see that grF AD ⊗D k = grA, since
grF AD = D[x1, ..., xt]⊗D
∧
D
(xt+1, ..., xp),
where
∧
D(xt+1, ..., xp) is the exterior algebra over D, and x1, .., xt is a basis for the
(ordinary) Lie subalgebra L0.
(4) Since grF AD is PI noetherian, then grF AD is strongly noetherian [3, Propo-
sition 4.4].
(5) Let F be a factor ring of D that is a finite field. Then AD⊗F = U(LD⊗DF )
and so AD ⊗D F is affine noetherian. The PI condition now follows from Lemma
8. 
Corollary 10. Let L be a finite-dimensional Lie superalgebra, R = U(L), and
let G be a finite group of automorphisms of R respecting the filtration of R. If G
restricts to a small subgroup of AutLie(L0), then there is a natural isomorphism of
algebras R#G ∼= EndRG(R).
Proof. By Theorem 9, R is congenial. It is well-known that R is CM, and hence
by [5, Theorem 4.10], it is sufficient to show that p(R,G) ≥ 2. The G-action
on R induces a G-action on gr(R) ∼= k[x1, ..., xt] ⊗k
∧
k
(xt+1, ..., xp). In partic-
ular, because G ⊂ AutLie(L0), then G restricts to an action on k[x1, ..., xt] such
that p(k[x1, ..., xt], G) ≥ 2 by [5, Theorem 4.12]. It follows from the proof of [14,
Theorem 3.13] that p(gr(R), G) = p(k[x1, ..., xt], G). Now by [5, Proposition 3.3],
p(R,G) ≥ p(gr(R), G) ≥ 2. 
Here is one example to which Theorem 9 applies.
Example 11. Consider the Lie superalgebra L = pl(1|1) generated by
x1 =
(
1 0
0 1
)
, x2 =
(
1 0
0 0
)
, y1 =
(
0 1
0 0
)
, y2 =
(
0 0
1 0
)
,
where {x1, x2} generate L0 and {y1, y2} generate L1. The element x1 is central in
U(L) while y1, y2 are nilpotent with y
2
1 = y
2
2 = 0. The remaining relations in U(L)
are y1y2 + y2y1 = x1, x2y1 − y1x2 = y1, and x2y2 − y2x2 = −y2. Define a family
of automorphisms parameterized by λ ∈ k× by
φ(x1) = λx1, φ(x2) = −x2, φ(y1) = y2, φ(y2) = λy1.
If |λ| <∞, then φ restricts to a finite subgroup of U(L0) and if in addition λ 6= 1,
then the group G = 〈φ〉 is small when restricted to grU(L0) = k[x1, x2]. It follows
that the Auslander map is an isomorphism for the pair (U(L), G).
Iterated differential operator rings. Let R be an algebra and δ a derivation
on R. That is, δ obeys the Leibniz rule, δ(rs) = rδ(s) + δ(r)s for all r, s ∈ R. The
(over)ring R[x; δ] generated by R and x with the rule xr = rx + δ(r) is called a
differential operator ring over R.
Consider an iterated differential operator ring A = k[x1][x2; δ2] · · · [xn; δn]. We
define a filtration F on A by setting deg(x1) = 1 and deg(xk) = max{deg(δ(xj)) :
j < k} for k > 1.
Theorem 12. If A is an iterated Ore extension of derivation type over k, then A
is congenial.
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Proof. (1) Using the filtration F defined above, we see that A is a locally finite
filtered algebra.
(2) Set D to be the k0-affine subalgebra of k defined by
D = k0 ∪ {coefficients appearing in nonzero summands of δi(xj) for i > j}.
By the Leibniz rule, AD = D[x1; δ1] · · · [xn; δn], whence locally finite and the filtra-
tion defined above also defines a filtration on AD.
(3) We have grF(A) = k[x1, . . . , xn] and grF (AD) = D[x1, . . . , xn], so clearly
grF(AD) is an order of grF(A).
(4) The algebra grF (AD) is locally finite over D and by [3, Proposition 4.1] it is
strongly noetherian.
(5) Let F be a factor ring of D. Then AD ⊗D F = (D ⊗D F )[x1; δ1] · · · [xn; δn]
is noetherian. Moreover, it is PI by [21, Proposition 9]. 
The filtration that we put on A in the previous lemma may not appear to be the
most natural one. One must be careful because, to apply the lemma to pertinency,
the automorphisms must respect the filtration. Thankfully this is the case for the
algebras we consider.
Let A = k[x][y; δ] with δ(x) = p(x) ∈ k[x] and φ ∈ Aut(A). By [2, Proposition
3.6], φ is triangular of the form
φ(x) = λx + κ, φ(y) = µy + h(x),
λ, µ ∈ k×, κ ∈ k, and h(x) ∈ k[x] such that p(λx+ κ) = λµp(x). In fact, adjusting
the proof slightly above by setting degF (y) = max{p(x), h(x)}, the argument goes
through and we have that φ is a filtered automorphism. Furthermore, φ restricts
to a diagonal automorphism on grF A = k[x, y].
Corollary 13. Let A = k[x][y; δ] and let G ⊂ Aut(A) be a finite group that is small
when restricted to automorphisms of grF A = k[x, y]. Then A#G
∼= EndAG A.
Proof. The algebra A is congenial by Theorem 12. Of course, k[x, y] is CM and so
A is CM by [25, Lemma 4.4]. It suffices to show that p(A,G) ≥ 2 by [5, Theorem
4.10]. Then by the classical Auslander Theorem [4] and [5, Proposition 3.6] we have
p(A,G) ≥ p(gr(A), G) = 2. 
Quantized Weyl algebras. Let T be an integral domain, q ∈Mn(T
×) satisfying
qii = 1 and qijqji = 1 for all i 6= j, and γ = (γi) ∈ (T
×)n. The quantized Weyl
algebra Aq,Γn (T ) is the algebra with basis {x1, y1, . . . , xn, yn} subject to the relations
yiyj = qijyjyi (all i, j) xiyj = qjiyjxi (i < j)
xixj = γiqijxjxi (i < j) xiyj = γjqjiyjxi (i > j)
xjyj = 1 + γjyjxj +
∑
l<j
(γl − 1)ylxl (all j).
There is a standard filtration F on Aq,Γn (T ) defined by setting deg(xi) = deg(yi) =
i. Another filtration, which we do not consider here, sets all generators in degree
one.
Theorem 14. The quantized Weyl algebra Aq,Γn (k) is congenial.
Proof. (1) The algebraAq,Γn (k) is locally finite filtered using the filtration F defined
above.
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(2) Let D be the (finite) extension of Z by the qij and the γi. It is clear that D is
an order of Aq,Γn (k), A
q,Γ
n (k)D = A
q,Γ
n (D), and F induces a filtration on A
q,Γ
n (D).
(3),(4) The associated graded algebra grF (A
q,Γ
n (D)) is just a quantum affine
space overD and this is an order for the corresponding quantum affine space over k.
Viewing grF(A
q,Γ
n (D)) as an Ore extension gives the strongly noetherian condition
[3, Proposition 4.1].
(5) Let F be a factor ring of D that is a finite field, then Aq,Γn (D) ⊗D F =
Aq,Γn (D ⊗D F ). One can see that A
q,Γ
n (D ⊗D F ) is still affine noetherian by using
the filtration. That Aq,Γn (D ⊗D F ) is PI follows from [15, Theorem 3.11]. 
Filtered AS regular algebras. A connected N-graded algebra A is said to be
Artin-Schelter (AS) regular if it has finite GK dimension, finite global dimension d,
and satisfies ExtiA(k, A)
∼= δidk(ℓ), where δid is the Kronecker-delta and k(ℓ) is the
trivial module A/A≥1 shifted by some integer ℓ. An algebra A is filtered AS regular
if grF(A) is AS regular where F is the standard filtration defined by setting all
generators in degree one.
By [10, Theorem 4.1], the Auslander map is an isomorphism for the pair (A,H)
where H is a semisimple Hopf algebra and A is a graded H-module algebra that is
also a global dimension 2 Artin-Schelter (AS) regular algebra. Our next goal is to
extend this theorem to all filtered AS regular algebras of global dimension 2.
The AS regular algebras of global dimension 2 are the quantum planes
Oq(k
2) = k〈x, y : xy − qyx〉, q ∈ k×,
and the Jordan plane,
J = k〈x, y : yx− xy + y2〉.
The filtered AS regular algebras of global dimension 2 [13] include Oq(k
2), J , U(g)
where g is the two-dimensional solvable Lie algebra, the quantum Weyl algebras
Aq1(k) = k〈x, y : xy − qyx− 1〉, q ∈ k
×,
and the deformed Jordan plane
J1 = k〈x, y : yx− xy + y
2 + 1〉.
Note that Aq1(k) is a special case of the quantized Weyl algebras defined above.
Remark 15. The algebras J , U(g), and J1 are all examples of iterated differential
operator rings over k[x]. It is not difficult to check that the proof of Theorem 12 goes
through when one replaces the filtration in that proof with the standard filtration.
The notion of homological determinant was developed by Jørgensen and Zhang,
and we refer to [18] for the definition. We denote the subgroup of homological
determinant 1 automorphisms in Aut(A) by SL(A).
Theorem 16. Let A be a filtered AS regular algebra of global dimension 2 and
G ⊂ SL(A) a finite group of filtered automorphisms. Then A#G ∼= EndAG A.
Proof. First we consider graded algebras and graded group actions. If A = k[x, y],
then this is Auslander’s Theorem [4]. Now if A = J or Oq(k
2) with q 6= ±1, then
the result is true by [24, Theorem 4.5]. Note that this also proves the theorem for
certain differential operator rings considered above. The last case of Oq(k
2) with
q = −1 follows from [10, Theorem 4.1].
Now we consider filtered actions. The result for U(g) is [5, Theorem 0.4] while
J1 is essentially Corollary 13 but with grJ1 = J (see Remark 15). Finally, let
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A = Aq1(k). If q = 1, then A is the first Weyl algebra and this result follows
from [23, Theorem 2.4]. Otherwise, let F be the standard filtration on A so that
grF(A) = Oq(k
2). Then A is congenial by Theorem 14.
As Oq(k
2) is CM [20, Lemma], then so is A by [25, Lemma 4.4]. It suffices
to show that p(A,G) ≥ 2 by [5, Theorem 4.10]. By [1, Proposition 1.5], every
automorphism of A acts either diagonally or anti-diagonally on the generators.
Thus, a finite subgroup G ⊂ Aut(A) restricts to a graded action on gr(A) = Oq(k
2)
and so by [5, Proposition 3.6] and results above, p(A,G) ≥ p(gr(A), G) = 2. 
Corollary 17. Let A be a filtered AS regular algebra of global dimension 2 and
H a finite-dimensional semisimple Hopf algebra acting on A inner-faithfully with
trivial homological determinant. If the H-action preserves the filtration of A, then
A#H ∼= EndAH A.
Proof. If A is an AS regular algebra of global dimension 2, this is just [10, Theorem
0.3]. If A is a non-PI filtered AS regular algebra of global dimension 2, then by [11,
Theorem 0.1] the action of H factors through a group algebra and we may apply
Theorem 16. We are left to consider only Aq1(k) with q a root of unity. Again by [5,
Proposition 3.6], p(A,H) ≥ p(Oq(k
2), H) and p(Oq(k
2), H) ≥ 2 by the above. 
Down-up algebras. Let α, β, γ ∈ k. The down-up algebra A(α, β, γ) is the k-
algebra generated by d, u subject to the relations
d2u = αdud+ βud2 + γd,
du2 = αudu+ βu2d+ γu.
We consider here only the case that β 6= 0, which is equivalent to assuming that
the algebra is noetherian [19, Theorem 1]. We set r, s to be the two roots of
x2 − αx− β = 0.
Theorem 18. Suppose A(α, β, γ) is a noetherian down-up algebra such that r and
s are roots of unity of order at least 2. Then A(α, β, γ) is congenial.
Proof. (1) The down-up algebra A = A(α, β, γ) is locally finite filtered with the
standard filtration F defined by setting deg(u, v) = 1.
(2) SetD = Z[α, β, γ, r, s]. Then AD is again a down-up algebra and the filtration
F induces a filtration on AD.
(3) It is clear that grF A
∼= A(α, β, 0), whence grF A is again a down-up algebra.
Thus, grF AD is an order of grF A.
(4) Let C be a commutative noetherian D-algebra. Then grF AD ⊗D C is a
(graded) down-up algebra over C, whence noetherian by [7, Proposition 7] and [19,
Corollary 2.2]. It is worth noting that [19] only states the result for base ring a
field, but by appealing to the construction of a down-up algebras as a generalized
Weyl algebra, it is sufficient by [7, Proposition 7] that the base ring D is noetherian.
Hence, grF AD is strongly noetherian.
(5) Let F be a factor ring of D that is a finite field. Then AD ⊗D F is still a
down-up algebra (over F) and hence it is affine noetherian. By [16, Theorems 4.2
and 4.4], some power of d and u are central and so AD ⊗D F is module-finite over
its center, whence PI. 
There are several other cases of down-up algebras, depending on the roots r and
s, where Theorem 18 applies. This hypothesis was only used in (5) and so one
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needs only verify that AD ⊗D F is PI. For instance, this still holds when r 6= 1 and
s = 1. The interested reader is referred to [16].
Corollary 19. Suppose A = A(α, β, γ) is a down-up algebra with β 6= 0,−1 or
(α, β) = (±2,−1), and r, s roots of unity of order at least 2. If G is a finite group
of filtered automorphisms of A such that p(grF A,G) ≥ 2, then A#G
∼= EndAG A.
Proof. By [19, Lemma 4.2], A and grF A are CM. We may now apply Theorem 18
[5, Theorems 0.6, 4.10] and [14, Theorem 4.3]. 
Symplectic reflection algebras. Let V be a finite-dimensional vector space, ω
a non-degenerate, skew symmetric bilinear form on V , Sp(V ) the symplectic linear
group on V , and G ⊂ Sp(V ) a finite group that is generated by S, the set of all
symplectic reflections in G. Given this data, along with t ∈ k and a conjugate
invariant function c : S → k, i.e. c(gsg−1) = c(s) for all s ∈ S and g ∈ G, the
symplectic reflection algebra Ht,c is defined as
Ht,c = T (V
∗)#G/
(
u⊗ v − v ⊗ u = tω(u, v)−
∑
s∈S
c(s)ωs(u, v) : u, v ∈ V
∗
)
where ωs is the 2-form on V whose restriction to Im(1−s) is ω and whose restriction
to Ker(1− s) is zero.
Theorem 20. The symplectic reflection algebra Ht,c is congenial.
Proof. Set H = Ht,c.
(1) There is a natural filtration F on H defined by setting V ∗ in degree one
and G in degree zero. The PBW theorem for symplectic reflection algebras [12,
Theorem 1.3] gives grF H
∼= k[V ]#G. It follows from this that H is a locally finite
filtered algebra.
(2) Set D to be the polynomial ring over Z generated by t and c(s) for all s ∈ S.
Then D is an affine subalgebra of k and it is clear that HD is an order of H . The
filtration defined above descends and so HD is locally finite filtered.
(3),(4) We have that grF HD = (grF H)D = (k[V ]#G)D. But k[V ] is congenial
with D and so k[V ]#G is congenial by [5, Proposition 4.8]. The filtration above is
just the grading on k[V ]#G with V in degree 1 and G in degree zero.
(5) Let F be a finite field factor ring of D and set charF = p. Then HD ⊗ F
remains affine noetherian essentially by the PBW theorem. By [9, Appendix],
HD ⊗ kp is module-finite over its center whence PI, where kp is the algebraically
closed field containing F . It follows that the subring HD ⊗ F is also PI. 
Corollary 21. Let H = Ht,c be a symplectic reflection algebra and K a semisimple
Hopf algebra acting on H preserving the filtration given above. Then H#K ∼=
EndHK H if and only if p(H,K) ≥ 2.
Proof. We can directly apply [5, Theorem 4.10] so long as H is CM, but this follows
from the filtration on H . 
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